Abstract. We introduce a new kind of coordinate systems for the deformation space of a finitely generated free Möbius group by using cross ratio functions induced by the fixed points of Möbius transformations. As an application, we give a new complete distance on the Schottky space by using such functions, which is not greater than the Teichmüller distance.
Introduction
Let G be a free group generated by n Möbius transformations, which we equip with an ordered set (g 1 , · · · , g n ) of generators. Here we assume that n ≥ 2. The rough deformation space RDef(G) of such a group G is the space of all homomorphisms of G into the space PSL 2 (C) of all Möbius transformations. The natural identification between RDef(G) and PSL 2 (C) n is obtained by setting
We say that σ and σ in RDef(G) are Möbius conjugate if there is an element M ∈ PSL 2 (C) such that σ (g) = Mσ(g)M It is a fundamental problem to give useful systems of coordinates, or parameters, on such deformation spaces as above. To discuss this issue, in the sequel we consider only such σ that σ(G) is non-abelian and σ(g k ) is not the identical transformation for every k. The subset EL(G) of X(G) consisting of all conjugacy classes [σ] of σ satisfying these conditions is generic and can be considered as a subset of Def(G).
Here we say that a subset Y of an algebraic variety X is generic if X −Y is contained in a finite union of proper algebraic sub-varieties.
Definition 1.2. We call EL(G) the essential locus.
It is well known that EL(G) has a standard complex manifold structure. Actually, the rough essential locus REL(G) = π −1 (EL(G)) ⊂ RDef(G) is the total space of a principal complex-analytic bundle over EL(G) with π as the projection. (See, for instance, [12] .)
Recall that the deformation space Def(G) contains several important sub-loci other than the essential locus EL(G). 
S(G) F (G) ∩ D(G) EL(G).
Remark 1.4. For various kinds of systems of classical coordinates for these deformation spaces, see, for instance, [1] , [7] , and [8] . Also cf. [15] , and [5] .
In this paper, we equip EL(G) with a natural marking induced by order of fixed points of generators, which gives a finite branched holomorphic cover EL(G) of EL(G), and we introduce a new kind of the global coordinate systems for generic sets of EL(G) by considering cross ratios of the fixed points considered as functions on EL(G). More precisely, see Theorem 2.4.
Also as an application of such cross ratio functions, we give a new distance on the Schottky space S(G), which is complete and not greater than the Teichmüller distance (Theorem 3.7).
Coordinates induced by cross ratios
Schottky groups are marked by ordered pairs of disjoint non-nested closed topological discs. But such geometric markings are not so easy to generalize to general Möbius groups, and here we use different non-geometric marking as follows.
Definition 2.1. For every point σ ∈ REL(G), we say that σ is marked if every generator σ(g j ) is decorated with a point p j (σ) = (p 2j−1 , p 2j ) ∈ C 2 such that {p 2j−1 , p 2j } is the set Fix σ(g j ) of all fixed points of σ(g j ). We write σ ∈ REL(G) with the marking 
Let EL(G) be the set of all Möbius equivalence classes [ σ] of σ ∈ REL(G). We call EL(G) the marked essential locus.
The following fact is clear from the definition. Now, we introduce a system of global coordinates on a generic set of EL(G) by using cross ratios. Write the marking of σ in REL(G) as
Then for every j = 1, · · · , n and k = 0, 1, we can consider the marked orbit MO(p 2j−k ) of p 2j−k which consists of the value p 2j−k marked with the identity and the values σ(g)(p 2j−k ) marked with elements g of G, where g moves over all elements of G whose reduced word representations g = g
and define a continuous map
by sending σ to ES( σ). We call the image Σ F P ( σ) = ES( σ) the rough essential fixed point spectrum of σ.
Recall that the components σ(g)(p 2j−1 ) and σ(g)(p 2j ) of ES( σ) are the fixed points of the element σ(gg j g −1 ) for every j and g ∈ G as above.
Definition 2.3. The cross ratio
of given components q k of Σ F P ( σ) is well defined for the conjugacy class [ σ] and, furthermore, can be considered as a holomorphic function χ on a generic set Ω χ of EL(G) where no subsets consisting of three corresponding components are coincident to each other. We call such a holomorphic function
We can show that the set of all FPCR functions separates points of EL(G) in the sense that, for any pair of points in EL(G), there is a FPCR function defined at both points which takes distinct values at these points. Furthermore, we can introduce a system of global coordinates for a generic subset of EL(G).
Theorem 2.4. There is an open cover {Ω j } of EL(G) by a finite number of generic subsets such that, for every
Proof. First note that, for every [ σ] ∈ EL(G), there is a pair {i, j}
and
and we have a finite open cover
n arbitrarily and abbreviate it as r. Set
Then the family
gives an open cover of EL(G). Indeed, every [ σ] in EL(G) belongs to some Ω(i, j, k), and then A i,j,k consists of 3 distinct points. Hence, for every = i, there is a point r ∈ A i,j,k such that r = σ(g )(r ). Set r i = p 2j−k and take this r = (
and write the corresponding
where we set q = σ(g )(r ) for every , and write each χ(s 1 , s 2 , s 3 , x) as χ x . Then, since s 1 , s 2 , s 3 are distinct, χ p 2 −1 , χ p 2 , χ r , and χ q determine the equivalence class of the fixed points and the multiplier of σ(g ) for every and σ ∈ Ω. (For a more explicit description, see Remark 2.6 below.) Therefore, a point [ σ]∈ Ω is determined uniquely from the vector
, which implies that Λ Ω defined as above gives a holomorphic injection. Thus we have proved the assertion. 
If σ(g ) is parabolic, we can take as a representative of [σ(g )] the Möbius transformation g σ determined by
.
From these equations, we can see that non-parabolic g σ tend to parabolic ones continuously. Indeed, the equation (2.1) implies that
Finally, we show the following proposition.
Proposition 2.7. For every two Ω 1 , Ω 2 defined as above,
is a rational function on Λ Ω 2 (Ω 2 Ω 1 ). In particular, the coordinate changes between Ω j are bi-rational.
, and (q h, ), respectively, for each h. Also set
Now, if (r 1, ) = (r 2, ), then we have the following lemma.
Lemma 2.8. If (r 1, ) = (r 2, ), then (q 1, ) = (q 2, ) and we have
for every 
x ), which is the desired equation.
Next, for general cases, we need the following lemma.
Lemma 2.9. Suppose that
and that there is only one 0 such that r 1, 0 = r 2, 0 . Then we have by (i, j, k) . Then 3n−4 coordinates χ (1) x and χ (2) x are the same, which we write as χ x , except for χ 1 
. Since σ(g 0 ) are non-parabolic, p 2 0 −1 , p 2 0 , q 1, 0 , and q 2, 0 are distinct, and we have
Here χ r 1, 0 and χ r 2, 0 are constants in {0, 1, ∞}, since r h, 0 ∈ A 1 = A 2 . We may assume without loss of generality that χ r 1, 0 = 0 and χ r 2, 0 = ∞. Then, we obtain the equation 1
, which, in turn, implies the desired equality on a generic subset of Ω 1 Ω 2 . Finally, since χ
is holomorphic on Ω 2 , the rational function on the righthand side of (2.2) is continuous and hence has no indefinite singularity on the whole Ω 1 Ω 2 . Thus we conclude the assertion.
Proof of Proposition 2.7. By using the formulas as in Lemmas 2.8 and 2.9, we can conclude the assertion by using the same argument as in the proof of Lemma 2.9.
A new distance on the Schottky space
Recall that a Schottky group is, by definition, a purely loxodromic free Kleinian group having a proper subset of C as the limit set, which is also characterized as a geometrically finite purely loxodromic free Kleinian group. It is known that Schottky groups are quasi-conformally stable, and hence S(G) is a connected open subset of EL(G). (See, for instance, [12] .) Furthermore, the following fact is fundamental, and is a corollary of a famous theorem of Jørgensen [9] .
Proposition 3.1. The closure S(G) of the Schottky space S(G) in X(G) is a compact subset of F D(G) = F (G) ∩ D(G), which in turn is a proper subset of EL(G).

Remark 3.2. The interior of F D(G) is S(G).
Also the density theorem in [14] implies that S(G) = F D(G). (Cf. [6] .)
As for the complement of S(G), Minsky shows in [13] that the outer automorphism group Out(G) acts properly discontinuously on a domain strictly larger than S(G). Now, we can equip every point [σ] in S(G) with the canonical marking p = (p 1 , · · · , p 2n ) by setting p 2j−1 , and p 2j be the attracting fixed point and the repelling one of σ(g j ), respectively, for every j. It is clear that, by this canonical marking, we have a holomorphic embedding
Hence, we consider S(G) as a subset of EL(G). We write points [σ] of S(G) with the canonical marking as [ σ].
Remark 3.3. The inverse image τ −1 (S(G)) consists of 2 n components, each of which is bi-holomorphic to S(G). While, the closure of τ −1 (S(G)) is connected.
Here, we note the following fact.
Lemma 3.4. Every generic set Ω = Ω(i, j, k) r as in the proof of Theorem 2.4 contains S(G) and the corresponding global coordinate system Λ Ω of Ω gives a holomorphic injection of S(G) into
(C − {0, 1}) 3n−3 .
Moreover, there is a point of S(G) − S(G) where Λ Ω takes a value in (C − {0, 1})
3n−3 .
Proof. As noted before, every component of Σ F P ( σ) is a fixed point of an element of σ(G). On the other hand, if [ σ] ∈ S(G), then every non-identical element of σ(G)
has two distinct fixed points, and hence we can see that every two components of Σ F P ( σ) are distinct, which implies the first assertion. Next, the existence of purely loxodromic free Kleinian groups on S(G) − S(G) implies the second assertion.
The above proof also implies that every FPCR function is defined on the whole S(G) and takes values in C − {0, 1}. Hence, we can define distances on S(G) by using FPCR functions. Definition 3.5. Let Λ be a set of FPCR functions, and d h is the hyperbolic distance on C − {0, 1}. Set
If Λ is the set of all FPCR functions, then we write Λ as Λ CR and d Λ as d CR .
We call d CR the FPCR-distance on S(G).
Note that d Λ is a distance if Λ contains all FPCR functions in some global coordinate system. Also, recall that a classical theorem of Teichmüller (cf. [10] ) implies that the FPCR-distance is not greater than the Teichmüller distance on S(G). Furthermore, the proof of Lemma 3.4 implies the following fact.
Corollary 3.6. For every set Λ of a finite number of FPCR functions such that d Λ is a distance, d Λ is not complete on S(G).
Here, we say that a distance d is complete on S(G) if every closed ball
Finally, we show the following theorem.
Theorem 3.7. The FPCR-distance d CR is complete on S(G).
Proof. Suppose that there were a non-compact closed ball B with a finite radius r in S(G) with respect to the FPCR-distance. Then, there is a sequence
is a free Kleinian group by Proposition 3.1, either G ∞ contains a parabolic element g * , or G ∞ is purely loxodromic and the limit set of G ∞ is C.
In the former case, there are at least two distinct points in
which are not the single fixed point s * of g * . Fix such points and write them as s ∞,1 , s ∞,2 . Let g * n , s n,1 , and s n,2 be the element in G n = σ n (G) and the fixed points corresponding to g * , s ∞,1 , and s ∞,2 , respectively, for every n. Here, letting [ σ 0 ] be the center of B, we set G 0 = σ 0 (G). Also, without loss of generality, we may assume that G n converges to G ∞ algebraically. Then, since g * n converges to g * in PSL 2 (C) and both of the distinct fixed points s * n,1 and s * n,2 of g * n converge to s * , the cross ratio
as n → ∞. So we can find an N such that
On the other hand, since the orbit G 0 (s 0 ) of any component s 0 of Σ F P ( σ 0 ) (considered as a point) by G 0 is dense in the limit set Λ(G 0 ) of G 0 , we can find sequences of components s 0,j,k of Σ F P ( σ 0 ) such that lim k→∞ s 0,j,k = s * 0,j for each j = 1, 2. Let s n,j,k be the component of Σ F P ( σ n ) corresponding to s 0,j,k for every n, j, and k. 
But this contradicts the assumption that [ σ N ] ∈ B, which shows the assertion in this case. Next, in the latter case, G ∞ is purely loxodromic and geometrically infinite. Here, we recall the following characterization of geometrically infinite ends by Bonahon [2] . Thus, again we have a contradiction, which shows the assertion.
Remark 3.9. On the Schottky space S(G), every FPCR function is a rational function of 3n − 3 coordinates in a fixed global coordinate system, which can be shown similarly as in the proof of Proposition 2.7.
Also note that the proof of Theorem 3.7 shows that the set Λ of all FPCR functions obtained from a given single marked orbit MO(p m ) gives a complete distance d Λ (≤ d CR ).
